Abstract. The concept of an i-symmetrization is introduced, which provides a convenient framework for most of the familiar symmetrization processes on convex sets. Various properties of i-symmetrizations are introduced and the relations between them investigated. New expressions are provided for the Steiner and Minkowski symmetrals of a compact convex set which exhibit a dual relationship between them. Characterizations of Steiner, Minkowski and central symmetrization, in terms of natural properties that they enjoy, are given and examples are provided to show that none of the assumptions made can be dropped or significantly weakened. Other familiar symmetrizations, such as Schwarz symmetrization, are discussed and several new ones introduced.
Introduction
Around 1836, Jakob Steiner introduced the process now known as Steiner symmetrization in attempting to prove the isoperimetric inequality. His proof was incomplete, since he assumed the existence of the extremum, but a standard modern approach (see, for example, [12, Chapter 9] ) is still based on Steiner symmetrization. Indeed, Steiner symmetrization remains an extremely potent technique in geometry, where it has found frequent use, for instance in the demonstration of a variety of powerful affine isoperimetric inequalities. See, for example, [8, Chapter 9] , [12, Chapter 9] , [28, Chapter 10] , and the references given there. Beyond geometry, Steiner symmetrization plays an important role in several areas of mathematics, particularly analysis and PDEs. The latter development was stimulated by the appearance of the classic text of Pólya and Szegö [26] , which inspired a huge number of works. See, for example, [2, 6, 14, 15, 16, 17, 19, 20, 30] , and the references given in these texts.
Despite the vast literature surrounding Steiner symmetrization and its applications, we are not aware of a characterization of it, and one purpose of this paper is to provide some. We also formulate a general framework for many symmetrizations: For i ∈ {0, . . . , n − 1} and an i-dimensional subspace H in R n , we call a map ♦, from a class B of nonempty compact sets in R n to the subclass B H of members of B that are H-symmetric (i.e., symmetric with respect to H), an i-symmetrization on B. With this terminology in place, we show that Steiner symmetrization is the unique (n − 1)-symmetrization on convex bodies in R n , n ≥ 2, that is monotonic, volume preserving, and either invariant on H-symmetric spherical cylinders or projection invariant. (See Section 3 for the definitions of these properties and Section 2 for basic terminology and notation.) The version assuming invariance on H-symmetric spherical cylinders is a consequence of a result we prove for Steiner symmetrization on compact sets in R n , n ≥ 2. Examples are given that suggest that the familiar generalization of Steiner symmetrization called Schwarz symmetrization may be difficult to classify in a nontrivial manner.
Another process familiar in geometry is now usually called Minkowski symmetrization, despite being introduced by Blaschke (see [12, p. 174] and [28, p. 181] ), because up to a scaling factor it involves taking the Minkowski sum of a set and its reflection in a subspace. The significance of the Minkowski symmetral of a compact convex set stems partly from the fact that it contains the Steiner symmetral of the set. This relationship has been found particularly useful in studying the convergence of successive Steiner symmetrals. See, for example, [5] , [12, Chapter 9] , [28, Notes for Sections 3.3 and 10.3], and the references there for the many deep results on this topic by various authors. We prove that Minkowski symmetrization is the unique (n − 1)-symmetrization on convex bodies (or on compact convex sets) in R n , n ≥ 2, that is monotonic, mean width preserving, and either invariant on H-symmetric spherical cylinders or projection invariant.
The paper is structured as follows. In Section 3, as well as introducing i-symmetrizations, we define the eight main properties of them that we find the most useful and indicate which of them are or are not enjoyed by the main known symmetrizations, namely, pth central symmetrization and Steiner, Schwarz, Minkowski, Minkowski-Blaschke, and Blaschke symmetrizations. To this list we add another, fiber symmetrization, which includes Steiner and Minkowski symmetrization as special cases. We regard this as having essentially been introduced by McMullen [24] , though we substantially generalize the concept. In Theorem 3.1 we prove that when n ≥ 3 and i ≥ 1, Blaschke symmetrization is not projection invariant.
Section 4, on projection covariant symmetrizations, may be regarded as a sequel to the investigation of Gardner, Hug, and Weil [9, 10] into additions, such as Minkowski and L p addition, in convex geometry. In fact, certain symmetrizations, such as central symmetrization, result from adding a set to its reflection in the origin. Such procedures form a subclass of the 0-symmetrizations (i.e., i-symmetrizations with i = 0), and [9, Section 8] contains several results classifying members of this subclass. In particular, [9, Corollary 8.4 ] (see also [1] ) classifies central symmetrization, defined by (3) below. Another new symmetrization, M-symmetrization, is introduced in Section 4 and employs the notion of M-addition studied in [9, 10] . There are many other symmetrization processes in geometry, such as those leading to the fundamental notions of projection body, intersection body, and centroid body (see [8, 28] ). These are examples of 0-symmetrizations not covered by the results in [9] or the present paper. However, characterizations of these and related bodies have been obtained using valuation theory; see, for example [21, 22] .
Two more natural generalizations of Steiner and Minkowski symmetrization, that we call the inner and outer rotational symmetrizations, are defined in Section 5, along with several others that are useful in showing that the properties we assume in our results cannot be omitted.
Section 6 examines how the various properties of i-symmetrizations relate to each other. A significant role is played by monotonicity and idempotence, the natural property that repeating the symmetrization with respect to the same subspace has no effect. In Theorem 7.1, we also obtain new expressions for the Steiner and Minkowski symmetrals of a compact convex set that bring to light the dual relationship between them. The latter of these expressions is used in obtaining our characterization of Minkowski symmetrization mentioned above. Corollary 7.3 gives properties which ensure that an i-symmetral of a compact convex set contains its fiber symmetral and is contained in its Minkowski symmetral. We also find properties which ensure that an i-symmetral of a compact convex set contains its inner rotational symmetral and is contained in its outer rotational symmetral; see Theorem 7.5. Such results lead to others concerning the convergence of successive i-symmetrals. For example, Corollary 8.2 gives sufficient conditions which guarantee that successive symmetrizations of a convex body will converge to a ball. No attempt is made in the short Section 8 to obtain the best results of this type; the topic will be thoroughly investigated in a future paper.
Two characterizations of Minkowski symmetrization are given in Section 9, the highlight being Theorem 9.2(i), the one mentioned earlier. This follows from Theorem 7.4, which provides conditions (different to those in Corollary 7.3) under which the (n − 1)-symmetral of a compact convex set is contained in its Minkowski symmetral. In Theorem 9.2(iii), we also obtain a new characterization of the central symmetral.
Section 10 focuses on Steiner symmetrization, both on compact sets and on compact convex sets or convex bodies. Among other results, the characterization of Steiner symmetrization on convex bodies referred to above may be found in Corollary 10.4.
Throughout the paper, we attempt to provide examples which show that none of our assumptions can be dropped or significantly weakened and succeed in this endeavor when i = n − 1 (in particular, for the main results mentioned above) and with just three exceptions otherwise. The final Section 11 lists the corresponding open problems. Here too we pose the intriguing Problem 11.1, part of which asks whether there is a symmetrization on compact convex sets, which like Minkowski and Steiner symmetrization is monotonic and either invariant on H-symmetric spherical cylinders or projection invariant, but which preserves surface area instead of mean width or volume.
We thank a referee for a very thorough reading that led to many improvements.
Preliminaries
As usual, S n−1 denotes the unit sphere and o the origin in Euclidean n-space R n . We assume throughout that n ≥ 2. The standard orthonormal basis for R n is {e 1 , . . . , e n }. The unit ball in R n will be denoted by B n . If x, y ∈ R n we write x · y for the inner product and [x, y] for the line segment with endpoints x and y. If x ∈ R n \ {o}, then x ⊥ is the (n − 1)-dimensional subspace orthogonal to x. Throughout the paper, the term subspace means a linear subspace.
If X is a set, we denote by lin X, conv X, cl X, relint X, and dim X the linear hull, convex hull, closure, relative interior, and dimension (that is, the dimension of the affine hull) of X, respectively. If H is a subspace of R n , then X|H is the (orthogonal) projection of X on H and x|H is the projection of a vector x ∈ R n on H. If X and Y are sets in R n and t ≥ 0, then tX = {tx : x ∈ X} and
denotes the Minkowski sum of X and Y . When H is a fixed subspace of R n , we use X † for the reflection of X in H, i.e., the image of X under the map that takes x ∈ R n to 2(x|H) − x. If X † = X, we say X is H-symmetric. If H = {o}, we instead write −X = (−1)X for the reflection of X in the origin and osymmetric for {o}-symmetric. A set X is called rotationally symmetric with respect to H if for all x ∈ H, X ∩ (H ⊥ + x) = r x (B n ∩ H ⊥ ) + x for some r x ≥ 0. If dim H = n − 1, then a compact convex set is rotationally symmetric with respect to H if and only if it is H-symmetric. The term H-symmetric spherical cylinder will always mean a set of the form
, where s > 0 and D r (x) ⊂ H is the ball with dim D = dim H, center x, and radius r > 0. Of course, H-symmetric spherical cylinders are rotationally symmetric with respect to both H and H ⊥ . The phrase translate orthogonal to H means translate by a vector in H ⊥ . We write H k for k-dimensional Hausdorff measure in R n , where k ∈ {1, . . . , n}. The notation dz means integration with respect to H k for the appropriate k. The Grassmannian of k-dimensional subspaces in R n is denoted by G(n, k). We denote by C n the class of nonempty compact subsets of R n . Let K n be the class of nonempty compact convex subsets of R n and let K n n be the class of convex bodies, i.e., members of K n with interior points. A subscript s denotes the o-symmetric sets in these classes. If
The texts by Grüber [12] and Schneider [28] contain a wealth of useful information about convex sets and related concepts such as the intrinsic volumes V j , j ∈ {1, . . . , n} (see also [8, Appendix A] ). In particular, if K ∈ K n , then V 1 (K) and V n−1 (K) are (up to constants independent of K) the mean width and surface area of K, respectively.
and in this case we prefer to write
See [9] and [25] for more information and historical remarks concerning M-addition. Let H ∈ G(n, i), i ∈ {0, . . . , n}. If p ∈ R n , write p = (x, y), where x ∈ H and y ∈ H ⊥ satisfy p = x + y. Suppose that s, t ∈ R and K, L ∈ K n . The fiber combination (s
was introduced by McMullen [24] , who noted that (s
(We have adapted the definition in [24] to suit our purposes.)
i-Symmetrization: Properties and known examples
Let i ∈ {0, . . . , n − 1} and let H ∈ G(n, i) be fixed. Let B ⊂ C n be a class of nonempty compact sets in R n and let B H denote the subclass of members of B that are H-symmetric. We call a map ♦ : B → B H an i-symmetrization on B (with respect to H). If K ∈ B, the corresponding set ♦K is called a symmetral. We consider the following properties, where it is assumed that the class B is appropriate for the properties concerned and that they hold for all K, L ∈ B. Recall that K † is the reflection of K in H.
(Monotonicity or
is a set function. In particular, we can take F = V j , j = 1, . . . , n, the jth intrinsic volume, though we generally prefer to write mean width preserving, surface area preserving, and volume preserving when j = 1, n − 1, and n, respectively.
, where s > 0 and D r (x) ⊂ H is the i-dimensional ball with center x and radius r > 0, then ♦K = K.
6. (Projection invariance) (♦K)|H = K|H.
(Invariance under translations orthogonal to
Invariance under translations orthogonal to H of H-symmetric sets is satisfied by most natural symmetrizations, so in discussing examples we shall only mention this property when it does not hold.
Clearly invariance on H-symmetric sets implies invariance on H-symmetric spherical cylinders and idempotence. Other less obvious relations between the eight properties are proved in Theorems 6.1 and 6.3. Projection invariance and projection covariance are really only relevant when B ⊂ K n . Other useful properties are considered in [9] but will not be needed here. Two special cases are of particular importance: i = 0 and i = n − 1. If i = 0, then H = {o} and 0-symmetrization is the same as the o-symmetrization discussed in [9] . Note that in this case, the definition of projection covariance above is consistent with that used in [9] , since H ⊥ = R n and then (8) is equivalent to (♦K)|T = ♦(K|T ) for all T ∈ G(n, j), j ∈ {1, . . . , n − 1}. Also, when i = 0, the projection invariance property is trivially satisfied.
There are several useful examples of 0-symmetrization, such as pth central symmetrization, given for K ∈ K n and p ≥ 1 by
Here + p denotes the general L p addition introduced in [23] (see also [9, Example 6.7] for an alternative approach), and the nontrivial fact that ∆ p K ∈ K n s (in particular the convexity of this set) for K ∈ K n follows from [9, Theorem 5.1]. The pth central symmetrization is strictly monotonic, invariant on H-symmetric sets, and projection covariant, as is easily verified using the fact that the operation + p is projection covariant as defined in Section 4 below. By Firey's inequality [7, (78) , p. 394], the jth intrinsic volume is generally increased (meaning not decreased and not always preserved) by ∆ p for j ∈ {1, . . . , n}, except when p = 1, in which case it is mean width preserving. Except when p = 1, ∆ p is not invariant under translations orthogonal to H of H-symmetric sets. When p = 1, the subscript is dropped and
defines central symmetrization (see [8, p. 106] ). The central symmetral ∆K differs from the ubiquitous difference body DK = K + (−K) only by a dilatation factor of 1/2. There are many other important o-symmetrizations in convex geometry, for example, the projection body, intersection body, and centroid body operators, usually denoted by ΠK, IK, and ΓK, respectively. See, for example, [8] and [28, Chapter 10] . The other case of particular importance is i = n − 1. The prime example of an (n − 1)-symmetrization is Steiner symmetrization. If K ∈ K n , the Steiner symmetral of K with respect to H ∈ G(n, n − 1) is the set S H K such that for each line G orthogonal to H and meeting K, the set G ∩ S H K is a (possibly degenerate) closed line segment with midpoint in H and length equal to that of G ∩ K. In this definition we have followed [28, p. 536] , where the same definition is used for compact sets K, with length replaced by H 1 -measure; see also [8, p . 62] and [12, p. 169] . On K n , Steiner symmetrization is strictly monotonic, volume preserving, invariant on H-symmetric sets, and projection invariant. However, for j ∈ {1, . . . , n − 1}, it generally reduces the jth intrinsic volume V j (see [13, Satz XI, p. 260] or [28, p. 587] ), and it is not projection covariant, since the containment (
As an example of i-symmetrization, i ∈ {1, . . . , n − 2}, we recall that when K ∈ K n , the Schwarz symmetral of K with respect to H ∈ G(n, i) is the set S H K such that for each (n − i)-dimensional plane G orthogonal to H and meeting K, the set G ∩ S H K is a (possibly degenerate) (n − i)-dimensional closed ball with center in H and (n − i)-dimensional volume equal to that of G ∩ K. See [8, p. 62] and also [12, p. 178] (where the process is referred to as Schwarz rounding). It is convenient to use the same notation for Steiner and Schwarz symmetrizations. On K n , Schwarz symmetrization is monotonic, volume preserving, idempotent, invariant on H-symmetric spherical cylinders, and projection invariant, but not strictly monotonic, invariant on H-symmetric sets, or projection covariant. (On K n n , Schwarz symmetrization is strictly monotonic.) Since it can be viewed as a limit of a sequence of Steiner symmetrizations, Schwarz symmetrization also generally reduces the jth intrinsic volume V j for j ∈ {1, . . . , n − 1}.
We shall consider Minkowski symmetrization in the following general form. Let i ∈ {0, . . . , n− 1} and let H ∈ G(n, i). The Minkowski symmetral of K ∈ K n is defined by
where K † is the reflection of K in H. (Note that the case i = 0 corresponds to K † = −K and M H K = ∆K, the central symmetral.) Minkowski symmetrization is strictly monotonic, and, since Minkowski addition commutes with projections, K † |H = K|H, and K † |T = (K|T ) † for all subspaces T ⊂ H ⊥ , it is projection invariant and projection covariant. It is clearly also invariant on H-symmetric sets. Since the first intrinsic volume V 1 is linear with respect to Minkowski addition, M H is mean width preserving, but for j ∈ {2, . . . , n}, it generally increases the jth intrinsic volume V j , by the Brunn-Minkowski inequality for quermassintegrals [7, (74) [3, p. 137] . If i ∈ {1, . . . , n − 2} and H ∈ G(n, i), the support function h K (u) of K ∈ K n at a point u ∈ S n−1 is replaced by the average of h K over the subsphere of S n−1
orthogonal to H and containing u. More precisely, if M H K denotes the Minkowski-Blaschke symmetral of K and u ∈ (H ⊥ + x) ∩ S n−1 for some x ∈ H, then
One can check that M H K ∈ K n and M H K is rotationally symmetric with respect to H. Minkowski-Blaschke symmetrization is strictly monotonic, mean width preserving (as can be shown by integration in spherical coordinates), idempotent, invariant on H-symmetric spherical cylinders, and projection invariant, but it is not invariant on H-symmetric sets or projection covariant.
If H ∈ G(n, i), i ∈ {0, . . . , n − 1}, we define the fiber symmetral F H K of K ∈ K n with respect to H by
where the fiber combination is defined by (2) . Then F H K = M H K = △K when i = 0 and F H K = S H K when i = n − 1. The latter was observed by McMullen [24] and for this reason we regard the fiber symmetral as known, though the general definition (5) does not appear in [24] .
Observing that F H K is the compact convex set whose sections orthogonal to H are the Minkowski symmetrals of the corresponding sections of K, we take the opportunity to generalize McMullen's construction, as follows. Let H ∈ G(n, i), i ∈ {0, . . . , n − 1}, and let G ∈ G(n, j), j ∈ {0, . . . , i}, be contained in H. Let K ∈ K n and dollowedefine F H,G K by
where † denotes reflection in H, as usual. Using (6) , it is straightforward to show that
We shall use the same term, fiber symmetrization, for the map that takes K to F H,G K. Fiber symmetrization is strictly monotonic, invariant on H-symmetric sets, and projection invariant, but when i ∈ {1, . . . , n−1} it is not projection covariant, since the containment (
Finally, for H ∈ G(n, i), i ∈ {0, . . . , n−1}, we can define the Blaschke symmetral of K ∈ K n n by
Here ♯ denotes Blaschke addition and K ♯ L is a convex body such that the surface area
Thus we may equivalently define B H K by
When i = 0, we have K † = −K and then the body B H K is often called the Blaschke body of K and denoted by ∇K; see, for example, [8, p. 116] . Of course, (7) only defines B H K up to translation; see [11] for a discussion about the positions for the Blaschke sum chosen in the literature. We define the Blaschke sum so that the centroids of B H K and K|H coincide, in which case B H is invariant on H-symmetric sets. When n = 2, then up to translation and on K n n , B H coincides with ∆ (i = 0) or M H (i = 1), whose properties have already been discussed. When n ≥ 3, this is not the case and B H is neither monotonic nor (except when i = 0) projection invariant, regardless of the position chosen for the Blaschke sum, as we show in the next theorem. Also, projection covariance is not defined since the domain of B H is K n n . Blaschke symmetrization preserves surface area. It is a consequence of the Kneser-Süss inequality [8, 
, is not monotonic and if i ∈ {1, . . . , n − 1}, it is not projection invariant (and therefore, by Theorem 6.1 below, also not monotonic).
Proof. Let T n be an n-dimensional cone in R n with centroid at the origin, x n -axis as its axis, and radius and height (i.e., width in the direction e n ) both equal to 1. Suppose initially that i = 0. We claim that when n ≥ 3, the height of B H T n = ∇T n , the Blaschke body of T n , is less than 1. Suppose the claim is true. Let 0 < s < 1 and let L s ⊂ T n be the spherical cylinder with base of radius s contained in the base of T n , the x n -axis as its axis, and with maximal height w = w(s). The set L s is centrally symmetric, so B H L s = ∇L s is a translate of L s and the height of ∇L s is w; since w → 1 as s → 0, when s is sufficiently small it is not possible that ∇L s ⊂ ∇T n . This proves the result when i = 0. To prove the claim, let n ≥ 3 and recall that the surface area of the curved part of the boundary of an n-dimensional cone of radius r and height h is r n−2 √ h 2 + r 2 κ n−1 . Therefore the surface area of the curved part of the boundary of T n is √ 2κ n−1 , while the area of the base of T n is κ n−1 . The surface area measure S(T n , ·) consists of a point mass at −e n and a multiple of (n − 2)-dimensional Lebesgue measure on the (n − 2)-dimensional sphere of latitude in S n−1 whose points have vertical angle π/4 with the positive x n -axis. From this and (7) it is easy to see that ∇T n is an o-symmetric truncated double cone of radius a, say, with the x n -axis as axis, such that the top of ∇T n is an (n − 1)-dimensional ball B of radius h contained in the plane {x n = a − h}, for some 0 < h < a. By (7), V n−1 (B) = κ n−1 /2, whence h = 2 −1/(n−1) , and the surface area of the curved part of the boundary of ∇T n contained in {x n ≥ 0} is √ 2κ n−1 /2. From the latter we see that
and hence a = 1. Thus the height of ∇T n is 2(a − h) = 2(1 − 2 −1/(n−1) ), which is less than 1 when n ≥ 3. This proves the claim.
Let i ∈ {1, . . . , n − 1} and let H be the subspace of R n spanned by e 1 , . . . , e i . Identifying e ⊥ 1 with R n−1 in the natural way, let T n−1 ⊂ e ⊥ 1 be as above, i.e., an (n − 1)-dimensional cone with the x n -axis as its axis, base an (n − 2)-dimensional ball of radius 1 with center on the x n -axis, height 1, and centroid at the origin. Let
The cylinder K has centroid at the origin and is such that K † , the reflection of K in H, coincides with −K, so that B H K = ∇K. (When n = 3, K is a triangular prism with its two triangular facets having edge lengths √ 2, √ 2, and 2.) The set K has four facets: two (n − 1)-dimensional spherical cylinders with outer unit normals ±e n and volume κ n−2 , and two (n − 1)-dimensional cones with outer unit normals ±e 1 and volume κ n−2 /(n − 1). By formulas already employed in the case i = 0, the remaining curved (except when n = 3) part of the boundary of K in {x n ≥ 0} has (n − 1)-dimensional volume √ 2κ n−2 . From considerations similar to those for the case i = 0, we see that
is an o-symmetric (n − 1)-dimensional double truncated cone of radius a, say, with the x n -axis as its axis, such that the top of D is an (n − 2)-dimensional ball B of radius h contained in the plane {x n = a − h}, for some 0 < h < a. The set ∇K also has four facets: two (n − 1)-dimensional spherical cylinders with outer unit normals ±e n and volume h n−2 κ n−2 b, and two (n − 1)-dimensional double truncated cones with outer unit normals ±e 1 and volume 2(a n−1 − h n−1 )κ n−2 /(n − 1). (When n = 3, ∇K is a hexagonal cylinder with eight facets.) The remaining curved (except when n = 3) part of the boundary of ∇K in {x n ≥ 0} has (n − 1)-dimensional volume √ 2(a n−2 − h n−2 )κ n−2 b. From these facts and (7), we obtain h n−2 b = 1/2, 2(a n−1 − h n−1 ) = 1, and 2(a n−2 − h n−2 )b = 1. Solving these three equations, we find that
Inv. H-sym.
sets
sph. cyl. Projection inv.
Inv. translations Projection cov. Table 1 . Properties, numbered as in Section 3, of previously known symmetrizations, where s indicates strictly monotonic.
It is not hard to see that b > 1, which implies that the width of ∇K in the direction e 1 is greater than that of K. It follows that (∇K)|H = K|H.
It is not possible to generalize the definitions of M H and B H in a straightforward way to obtain V j -preserving symmetrizations for j ∈ {2, . . . , n − 2}. Indeed, by [29, Theorem 3.1] , if j ∈ {2, . . . , n − 2} and K is an n-dimensional convex polytope in R n such that K and K † do not have non-trivial faces contained in parallel hyperplanes, then the sum S j (K, ·) + S j (K † , ·) of the jth area measures of K and K † is not the jth area measure of a compact convex set. In this connection, see also Problem 11.1. Table 1 summarizes the properties of the symmetrizations discussed in this section.
Projection covariant symmetrizations and M-symmetrization
In this section we discuss projection covariant symmetrizations and introduce a further process that we call M-symmetrization. We shall need a little terminology from [9] . A binary operation * : Theorem 4.1. Let i ∈ {0, . . . , n − 1}, let H ∈ G(n, i), and let * : (K n ) 2 → K n be commutative and GL(n) covariant. For c > 0,
Proof. Since reflection in H is a transformation in GL(n), the commutativity and GL(n) covariance of * yields
It is clear that if * is monotonic, then ♦ is monotonic. Suppose that * is also continuous. Then, by [9, Lemma 4.1], * is projection covariant. If T is a nontrivial subspace contained in H ⊥ , this and the commutativity of * imply that
so ♦ is projection covariant. The last assertion in the statement of the theorem follows immediately from (8) .
where ⊕ M is M-addition, defined by (1). The following lemma will be useful in establishing the properties of ♦ M,c .
Lemma 4.2. Let c > 0, let L ∈ K n , and let M ∈ K 2 be contained in [0, ∞) 2 and symmetric with respect to {( Proof. We have (11) that (10) holds. Conversely, assume that (10) holds and let x ∈ L be of maximal distance from o.
Theorem 4.3. Let c > 0, let H ∈ G(n, i), i ∈ {0, . . . , n − 1}, and let M ∈ K 2 be contained in [0, ∞) 2 and symmetric with respect to {(x 1 , x 2 ) ∈ R 2 : x 1 = x 2 }. (i) Equation (9) defines a monotonic and projection covariant i-symmetrization ♦ M,c :
is equivalent to any of the following conditions:
and M is contained in one of the four quadrants of R 2 . Also, as noted in [9, Section 6], ⊕ M is continuous and GL(n)-covariant and hence projection covariant. Moreover, it follows from the definition of ⊕ M that it is monotonic, and ⊕ M is commutative if and only if M is symmetric with respect to {(
implying that
Since a, b > 0, (13) and (14) yield 
is invariant on H-symmetric sets and hence also on H-symmetric spherical cylinders. Now suppose that ♦ M,c is invariant on H-symmetric spherical cylinders. Let K be an H-symmetric spherical cylinder such that o ∈ K. Then (10) holds with L = K and Lemma 4.2 implies that M ⊂ [(1/c, 0), (0, 1/c)]. It remains to prove (iv) for projection invariance, which follows easily from similar arguments and the formulas
n is an H-symmetric set and y ∈ H ⊥ , by (12) we have (16) 
Thus ♦ M,c is invariant under translations orthogonal to H of H-symmetric sets. Conversely, suppose that ♦ M,c is invariant under translations orthogonal to H of H-symmetric sets. Let x ∈ R n \ H ∪ H ⊥ and let K be a ball with center in H, supported by x ⊥ and contained in {y ∈ R n : y · x ≤ 0}. Then h K (x) = 0. Choosing y ∈ H ⊥ such that x · y = ±1/c and substituting into (16), we conclude that h M (1, −1) = h M (−1, 1) = 0 and hence that
We call an i-symmetrization ♦ M,c , defined by (9) with c and M satisfying the hypotheses of Theorem 4.3, an M-symmetrization. Examples include Minkowski symmetrization (when ⊕ M = + and c = 1/2) and pth central symmetrization (when i = 0, ⊕ M = + p , and c = 2 −1/p ). Before discussing others, we present the following result concerning projection covariant isymmetrizations, which shows that they are somewhat special and explains their limited role in this paper. The proof is essentially the same as that of [9, Theorem 8.2] , which establishes the case i = 0. Proposition 4.4. Let i ∈ {0, . . . , n − 2}, let H ∈ G(n, i), and let ♦ : K n → K n H be an i-symmetrization. If ♦ is projection covariant, then there is a compact convex set M in R 2 , symmetric with respect to {(x 1 , x 2 ) ∈ R 2 :
for all K ∈ K n and x ∈ H ⊥ .
Proof. Suppose that ♦ is projection covariant. Without loss of generality, we may assume that H ⊥ = lin {e 1 , . . . , e n−i } and H = lin {e n−i+1 , . . . , e n }. Since n − i ≥ 2, the proof of [9, Theorem 8.2] can be followed with n there replaced by n − i, identifying H ⊥ by R n−i in that proof in the natural way, leading to (17) . (17) is equivalent to
for all K ∈ K n and x ∈ H ⊥ . Then ♦K is just the central symmetral ∆K when i = 0. The converse of Proposition 4.4 holds when i = 0 or if it is assumed in addition to (17) 
We warn the reader that the right-hand side of (17) does not necessarily define a support function, even when i = 0 and M is the unit ball in l 
as in Example 5.11(ii) below. A further choice for M provides Example 5.16 below. These examples will find use in Section 7.
Further examples of symmetrizations
In this section we collect some further examples of symmetrizations that will be needed later.
Firstly, we introduce two new generalizations of Steiner and Minkowski symmetrization. Let H ∈ G(n, i), i ∈ {1, . . . , n − 1}. If K ∈ K n , we define the inner rotational symmetral I H K to be the set such that for each (n − i)-dimensional plane G orthogonal to H and meeting K, the set G∩I H K is a (possibly degenerate) (n−i)-dimensional ball with center in H and radius equal to that of the (possibly degenerate) largest (n − i)-dimensional ball contained in G ∩ K.
It is easy to check that I H K is a compact convex set such that I H K ⊂ S H K, the Schwarz symmetral of K. If i = n − 1, then of course I H K = S H K, the Steiner symmetral. The symmetrization I H is monotonic, idempotent, invariant on H-symmetric spherical cylinders, and projection invariant, but not strictly monotonic or invariant on H-symmetric sets. The inclusion I H K ⊂ S H K, which in general is strict unless i = n − 1, and the fact that S H is V n -preserving and generally reduces V j for j ∈ {1, . . . , n − 1}, imply that I H generally reduces V j for j ∈ {1, . . . , n − 1} and also for j = n when i ∈ {1, . . . , n − 2}. When K is a convex body, I H K can also be viewed as the closure of the union of all Hsymmetric spherical cylinders that have a translate orthogonal to H contained in K. It is rotationally symmetric with respect to H.
For K ∈ K n , we define the outer rotational symmetral O H K to be the intersection of all rotationally symmetric convex bodies for which some translate orthogonal to H contains K.
This can be deduced by taking ♦ = O H and i = n − 1 in Corollary 7.3. The symmetrization O H is strictly monotonic, idempotent, and invariant on H-symmetric spherical cylinders, but not invariant on H-symmetric sets unless i = n − 1. That it is also projection invariant can be seen by noting that for each K ∈ K n and suitably large r > 0, the set L = (K|H) × r(B n ∩ H ⊥ ) is a rotationally invariant compact convex set with K ⊂ L and L|H = K|H. The inclusion M H K ⊂ O H K, which in general is strict unless i = n − 1, and the fact that M H is V 1 -preserving and generally increases V j for j ∈ {2, . . . , n}, imply that O H generally increases V j for j ∈ {2, . . . , n} and also for j = 1 when i ∈ {1, . . . , n − 2}.
We present some examples that will be useful in showing that the various assumptions in our results cannot be omitted. (See Section 10 for a few further examples needed only there.) For Example 5.12, we shall need the following lemma.
Lemma 5.1. Let H ∈ G(n, i), i ∈ {1, . . . , n − 1}, and let K ∈ K n . Define L K = conv (K ∪ (K|H)), where K is the (possibly empty) closure of the union of all H-symmetric spherical cylinders contained in K. Then for j ∈ {1, . . . , n},
Proof. From the definitions of L K and (18) follows, since V j is an increasing set function and I H does not increase V j .
In Examples 5.2-5.16 below, we assume for convenience that H ∈ G(n, i), i ∈ {1, . . . , n − 1} (even though i = 0 is sometimes possible), and B = K n or B = K n n , and discuss the properties of the symmetrizations defined. All symmetrizations are invariant under translations orthogonal to H of H-symmetric sets unless it is stated otherwise. We omit mention of projection covariance since it will not be needed for the rest of the paper.
Example 5.2. For all K ∈ B, let ♦K be the smallest H-symmetric spherical cylinder such that some translate orthogonal to H contains K, where we temporarily allow the cylinder to be degenerate. Then ♦ : B → B H is monotonic, idempotent, and invariant on H-symmetric spherical cylinders, but not strictly monotonic or invariant on H-symmetric sets. Also, ♦ is projection invariant if and only if i = 1.
Example 5.3. For all K ∈ B, let x K and y K be the centroids of K|H and K|H ⊥ , respectively. Let r K , s K ≥ 0 be the largest numbers such that
H is idempotent and invariant on H-symmetric spherical cylinders, but not monotonic or invariant on H-symmetric sets. Also, ♦ is projection invariant if and only if i = 1.
n , where △ denotes the symmetric difference and K ‡ is the reflection of K in the translate of H containing the centroid of K. Then ♦ : B → B H is invariant on H-symmetric sets but not projection invariant and hence, by Theorem 6.1 below, not monotonic either (as is also not hard to see directly).
Then ♦ : B → B H is strictly monotonic and projection invariant, but not idempotent or invariant on H-symmetric spherical cylinders.
Example 5.6. For all K ∈ B, let C K be the smallest H-symmetric spherical cylinder such that some translate orthogonal to H contains K (i.e., C K is the symmetral from Example 5.2) and define ♦K = (1/2)O H K + (1/2)C K , where O H K is the outer rotational symmetral of K. Then ♦ : B → B H is strictly monotonic and invariant on H-symmetric spherical cylinders, but not idempotent or invariant on H-symmetric sets. Also, ♦ is projection invariant if and only if i = 1.
Example 5.7. For all K ∈ B, let ♦K = (K|H)+(B n ∩H ⊥ ). Then ♦ : B → B H is monotonic, idempotent, and projection invariant, but not strictly monotonic or invariant on H-symmetric spherical cylinders.
Example 5.8. For all K ∈ B, let d K be the distance between K and H. For a ≥ 0, let φ a : R n → R n be defined by φ a (x + y) = x + ay, where x ∈ H and y ∈ H ⊥ . Define
It is easy to check that ♦ is strictly monotonic, invariant on H-symmetric sets, and projection invariant, but not invariant under translations orthogonal to H of H-symmetric sets.
Example 5.9. For all K ∈ B, define ♦ : B → B H by ♦K = φ e −Vn(K△K ‡ ) F H K, where K△K ‡ and φ a , a ≥ 0, are as in Examples 5.4 and 5.8, respectively. Then ♦ is invariant on Hsymmetric sets and projection invariant, but not monotonic.
Example 5.10. Let j ∈ {1, . . . , n}. For all K ∈ B, let ♦K = t K B n , where t K ≥ 0 is chosen so that V j (♦K) = V j (K). Then ♦ : B → B H is monotonic (strictly monotonic if and only if B = K n n or j = 1), V j -preserving, and idempotent, but not invariant on H-symmetric spherical cylinders or projection invariant.
Then ♦ : B → B H is monotonic and invariant on H-symmetric sets (and therefore projection invariant, by Theorem 6.1 below), but not strictly monotonic, V j -preserving for any j ∈ {1, . . . , n}, or invariant under translations orthogonal to H of H-symmetric sets.
Example 5.12. Let j ∈ {1, . . . , n}. For K ∈ B, define L K = conv (K ∪ (K|H)), where K is the (possibly empty) closure of the union of all H-symmetric spherical cylinders contained in K. By (18), we may choose
; then t K > 0 and again we have dim ♦K = n. Hence ♦ : B → B H . Then ♦ is idempotent, V j -preserving, invariant on H-symmetric spherical cylinders, and projection invariant. However, ♦ is not monotonic, as we show below, and neither invariant on Hsymmetric sets nor invariant under translations orthogonal to H of H-symmetric sets.
The fact that ♦ is not monotonic when j = 1 or j = n is a consequence of Theorem 9.2 and Corollary 10.4 below, respectively, but can also be seen directly for all j ∈ {1, . . . , n}. Let C ⊂ H be an i-dimensional compact convex set and let
+ y, where both inclusions are strict. Since K|H = C, we obtain
where r x ≥ 0 is chosen so that
for all x ∈ K|H. Then the Brunn-Minkowski inequality for quermassintegrals [7, (74) , p. 393] implies that ♦ : B → B H is an i-symmetrization. If i = n−1, then ♦ is Steiner symmetrization and if i ∈ {1, . . . , n − 2}, j = n − i, and L = B n ∩ H ⊥ , then ♦ is Schwarz symmetrization. Moreover, if i ∈ {1, . . . , n−2}, then ♦ is monotonic (strictly monotonic if and only if B = K n n or j = 1), volume preserving if j = n − i, idempotent, and projection invariant, but not invariant on H-symmetric spherical cylinders unless L = B n ∩ H ⊥ and not invariant on H-symmetric sets.
Example 5.14. Let j ∈ {1, . . . , n − 1} and let K ∈ B. If K = L + y, where L is H-symmetric and y ∈ H ⊥ , then define ♦K = L. Otherwise, define ♦K = t K B n , where t K ≥ 0 is chosen so that V j (♦K) = V j (K). Then ♦ : B → B H is V j -preserving and invariant on H-symmetric sets, but not monotonic or projection invariant.
Example 5.15. Let j ∈ {1, . . . , n−1}. For all K ∈ B, let x K be the centroid of K|H. Choose
, and define ♦K = C K . Then ♦ : B → B H is V j -preserving, idempotent, and projection invariant, but not monotonic or invariant on H-symmetric spherical cylinders. Table 2 summarizes the properties (other than projection covariance, which is irrelevant for the sequel) of symmetrizations in this section. For simplicity a few special cases are ignored; for example, the symmetrizations in Examples 5.10 and 5.13 are strictly monotonic when j = 1.
Relations between properties
It was noted above that invariance on H-symmetric sets implies invariance on H-symmetric spherical cylinders and idempotence. In this section we establish some less obvious relations between the properties considered in Section 3.
Note that the conclusion in the following result holds trivially when i = 0.
Theorem 6.1. Let i ∈ {1, . . . , n − 1}, let H ∈ G(n, i), and let B = K n or B = K n n . Suppose that ♦ : B → B H is monotonic and either (i) i = 1 and ♦ is invariant on H-symmetric spherical cylinders, or (ii) i ∈ {2, . . . , n − 1} and ♦ is invariant on H-symmetric sets. Then ♦ is projection invariant.
is an H-symmetric set and if i = 1, then L is an H-symmetric spherical cylinder. Our assumptions in (i) and
To prove the opposite containment, suppose to the contrary that there is a ball B with dim
, and M † = M, the monotonicity of ♦ and its invariance on H-symmetric spherical cylinders imply that
sets
Inv. translations 1 2 3 4 5 6 7 Table 2 . Properties, numbered as in Section 3, of the various examples of symmetrizations from Section 5, where s indicates strictly monotonic and where * indicates V n−i -preserving when j = n − i.
we conclude that ♦(K ∩ M) is defined and nonempty, and thus (
This contradiction shows that K|H ⊂ (♦K)|H. Therefore (♦K)|H = K|H and ♦ is projection invariant.
The proof of the previous theorem shows that in (ii) it is only necessary to assume that ♦ is invariant on sets of the form (K|H) + s(B n ∩ H ⊥ ), where K ∈ B and s > 0. The latter assumption is still stronger than invariance on H-symmetric spherical cylinders, which Example 5.2 shows does not suffice. Examples 5.4 and 5.10 show that the other assumptions cannot be omitted and Example 5.5 shows that the converse of Theorem 6.1 is false in the sense that projection invariance does not imply invariance on H-symmetric spherical cylinders in the presence of monotonicity.
Next, we focus on the idempotent property.
Lemma 6.2. Let H ∈ G(n, i), i ∈ {0, . . . , n − 1}, and let B ⊂ C n . Suppose that ♦ : B → B H is strictly monotonic and idempotent. If K ∈ B and either ♦K ⊂ K or ♦K ⊃ K, then ♦K = K.
Proof. If K ∈ B and the inclusion ♦K ⊂ K is proper, then so is the inclusion ♦ 2 K ⊂ ♦K, by the strict monotonicity of ♦. This contradicts the equality ♦ 2 K = ♦K provided by the idempotence of ♦. A similar argument applies when the inclusion ♦K ⊃ K holds. (i) ♦ is invariant on H-symmetric sets;
(ii) ♦ is invariant on H-symmetric spherical cylinders; (iii) ♦ is projection invariant.
Proof. The implication (i)⇒(iii) holds by Theorem 6.1.
. We may then choose r > 0 so that (♦K) ∩ C r (x) is properly contained in K ∩ C r (x), where C r (x) = D r (x) × H ⊥ and D r (x) ⊂ H is the (n − 1)-dimensional ball with center x and radius r > 0. The monotonicity of ♦ implies that ♦(K ∩ C r (x)) ⊂ ♦K and the projection invariance of ♦ yields ♦(K ∩ C r (x)) ⊂ C r (x). Therefore ♦(K ∩ C r (x)) ⊂ (♦K) ∩ C r (x) and it follows that ♦(K ∩ C r (x)) is properly contained in K ∩ C r (x). This contradicts Lemma 6.2, applied to the set K ∩ C r (x).
(ii)⇒(i) Assume that K ∈ B is an H-symmetric set and initially also that dim K = n. If L is an H-symmetric spherical cylinder with L ⊂ K, then L = ♦L ⊂ ♦K. Since dim H = n − 1 and dim K = n, it is easy to see that K is the closure of the union of the H-symmetric spherical cylinders contained in it. Consequently, K ⊂ ♦K and it follows from Lemma 6.2 that ♦K = K. Now assume that K is an H-symmetric set and dim K < n. For each ε > 0, K + εB n is H-symmetric and dim(K + εB n ) = n, so ♦K ⊂ ♦(K + εB n ) = K + εB n . Since K = ∩{K + εB n : ε > 0}, this shows that ♦K ⊂ K and we conclude that ♦K = K as before.
Assuming i = n − 1, Examples 5.2, 5.5, 5.6, 5.7, and 5.10 with j = 1 show that neither (ii)⇒(iii) nor (iii)⇒(ii) holds if any of the assumptions in Theorem 6.3 (strict monotonicity, idempotence, and either invariance on H-symmetric spherical cylinders or projection invariance) is omitted or strict monotonicity is weakened to monotonicity. Since (i)⇒(ii) is always true by the definitions and (i)⇒(iii) holds in the presence of monotonicity alone by Theorem 6.1, no other implications need be considered. That the restriction dim H = n − 1 cannot be dropped in (iii)⇒(ii) is shown by Example 5.13 with j = 1 and L = B n ∩ H ⊥ , while outer rotational symmetrization serves the same purpose for (iii)⇒(i) and (ii)⇒(i). We do not have an example to show that the assumption dim H = n − 1 is needed in (ii)⇒(iii); see Problem 11.2. The next lemma will allow us to prove Theorem 6.5, a variant of Theorem 6.3 that achieves the same conclusion with different assumptions.
Lemma 6.4. Let H ∈ G(n, i), i ∈ {0, . . . , n − 1}, let B = K n or B = K n n , and let F : B → [0, ∞) be a strictly increasing set function invariant under translations orthogonal to H of H-symmetric sets. Suppose that ♦ : B → B H is monotonic and F -preserving. If K ∈ B is Hsymmetric and either
Proof. If K ∈ B is H-symmetric, y ∈ H ⊥ , and ♦(K + y) is a proper subset of K, then since F is strictly increasing, (i) ♦ is invariant on H-symmetric sets;
Proof. Note firstly that when y = o, the assumption that F is invariant under translations orthogonal to H of H-symmetric sets is not needed in Lemma 6.4. Therefore to prove the equivalence of the conditions (i)-(iii), we can follow the proof of Theorem 6.3, using Lemma 6.4 with y = o to replace Lemma 6.2, since this proof does not otherwise require the strict monotonicity or idempotence of ♦.
Assuming i = n−1 and taking F = V 1 , Examples 5.5, 5.6, 5.10 with j = 1, and 5.15, together with Blaschke symmetrization with F = V n−1 , show that neither (ii)⇒(iii) nor (iii)⇒(ii) holds if any of the three other assumptions is omitted or strict monotonicity is weakened to monotonicity. Examples 5.2 and 5.7 with F (K) = V 1 (♦K) show that it does not suffice to assume that F is merely increasing. That the restriction dim H = n − 1 cannot be dropped in (iii)⇒(ii) is shown by Example 5.13 with F = V n−i , j = 1, and L = B n ∩ H ⊥ , while Schwarz symmetrization with F = V n serves the same purpose for (iii)⇒(i) and (ii)⇒(i). We do not have an example to show that the assumption dim H = n − 1 is needed in (ii)⇒(iii); see Problem 11.3.
The role of Steiner and Minkowski symmetrization
We now present some expressions for the Steiner (or, more generally, fiber) and Minkowski symmetrals that shed light on the relationship between them and which will find use in the sequel. Recall that F H K = △K = M H K if i = 0 and that F H K = S H K if i = n − 1, so the formula (20) below provides, in particular, an expression for the Steiner symmetral. Theorem 7.1. Let H ∈ G(n, i), i ∈ {0, . . . , n − 1}, and for K ∈ K n and y ∈ H ⊥ , let
Then for K ∈ K n , we have
Proof. Let z ∈ F H K. Then, using (6) with G = H, we have z = ((x + a)/2) + (x − b)/2, where x ∈ H, a, b ∈ H ⊥ , and
is contained in the right-hand side of (20) . For the reverse inclusion, note first that K y ∩ K † y is H-symmetric. From the invariance of F H on H-symmetric sets and the fact that F H is monotonic and invariant on translations orthogonal to H of H-symmetric sets, we obtain
⊥ . This proves (20) . To prove (21), let y ∈ H ⊥ and let Q y = conv (K y ∪K † y ). Then since K y and K † y are contained in Q y and the latter is convex,
To prove the reverse containment in (21) , observe that if v ∈ S n−1 , then by (19) and [8, (0.24) , p. 17], we obtain
as required, where the first equality in (22) results from observing that the minimum occurs when the two expressions are equal, i.e., when
Corollary 7.2. If H ∈ G(n, i), i ∈ {0, . . . , n − 1}, and K ∈ K n , then the fiber symmetral F H K (and therefore the Steiner symmetral S H K, if i = n−1) is the union of all H-symmetric compact convex sets such that some translate orthogonal to H is contained in K, and the Minkowski symmetral M H K is the intersection of all H-symmetric compact convex sets such that some translate orthogonal to H contains K.
Proof. For each y ∈ H ⊥ , the sets K y ∩K † y and conv (K y ∪K † y ) defined via (19) are H-symmetric.
, respectively). By Theorem 6.3, when i = n − 1 the hypotheses of the following corollary hold if the assumption that ♦ is monotonic and invariant under H-symmetric sets is replaced by the assumption that ♦ is strictly monotonic, idempotent, and either invariant on H-symmetric spherical cylinders or projection invariant. Corollary 7.3. Let H ∈ G(n, i), i ∈ {0, . . . , n − 1}, and let B = K n or B = K n n . Suppose that ♦ : B → B H is monotonic, invariant on H-symmetric sets, and invariant under translations orthogonal to H of H-symmetric sets. Then
Proof. Let K ∈ B and let y ∈ H ⊥ . The sets
Hence, using the monotonicity and invariance property of ♦, we obtain
. Then (23) follows immediately from (20) , (21) , (24) , and (25).
The containment S H K ⊂ M H K when i = n − 1 is both well known and rather obvious geometrically, but nevertheless has been found useful in proving results on the convergence of successive Steiner symmetrals; see, for example, [5] and the references given there.
The restriction to i = n − 1 cannot be dropped in obtaining the inclusion S H K ⊂ ♦K, since it is not true that for i ∈ {1, . . . , n − 2} and H ∈ G(n, i), we have S H K ⊂ M H K, where S H K is the Schwarz symmetral of K. Indeed, if H = lin {e 1 , . . . , e i }, a > 0, and The fiber symmetrizations F H,G satisfy the hypotheses of Corollary 7.3. Another such family of symmetrizations is given by
n and 0 ≤ t ≤ 1, where dim J ∈ {0, . . . , n} and J ⊂ H or J ⊃ H. Further examples can be obtained by concatenating these symmetrizations for different t and J.
Theorem 7.4. Let H ∈ G(n, n − 1), let B = K n or B = K n n , and let F : B → [0, ∞) be a strictly increasing set function invariant under translations orthogonal to H of H-symmetric sets. If ♦ : B → B H is monotonic, F -preserving, and either invariant on H-symmetric spherical cylinders or projection invariant, then ♦ is invariant under translations orthogonal to H of H-symmetric sets and
Proof. By Theorem 6.5, ♦ is invariant on H-symmetric sets. Then (26) will follow from Corollary 7.3 if we can show that ♦ is invariant under translations orthogonal to H of Hsymmetric sets. To this end, let K ∈ B be H-symmetric and let y ∈ H ⊥ . The desired conclusion that ♦(K + y) = ♦K will follow if we show that ♦(K + y) = K.
Suppose that ♦(K + y) = K. By Theorem 6.1, ♦ is projection invariant. Assuming dim K = n, it follows from Lemma 6.4 that there is an
and D r (x) ⊂ H is the (n − 1)-dimensional ball with center x and radius r > 0. By the monotonicity and projection invariance of ♦, we have
and hence ♦((K ∩C r (x))+y) is properly contained in K ∩C r (x). This contradicts Lemma 6.4, applied to the set K ∩ C r (x). Now suppose that dim K < n. By the monotonicity of ♦ and the above, for each ε > 0 we have
which implies that ♦(K + y) ⊂ K and hence, by Lemma 6.4 again, that ♦(K + y) = ♦K.
The restriction to i = n − 1 cannot be dropped in obtaining either inclusion in (26) . Indeed, we may take ♦ = S H , Schwarz symmetrization, and F = V n , but we showed after Corollary 7.3 that for i ∈ {1, . . . , n − 2} and H ∈ G(n, i), it is not generally true that S H K ⊂ M H K. A similar conclusion is reached by taking ♦ = M H , Minkowski-Blaschke symmetrization, and F = V 1 .
Examples 5.10, 5.11(i) and (ii), and 5.12 with j = 1 or j = n show that none of the other assumptions can be omitted in obtaining the inclusions in (26).
Theorem 7.5. Let H ∈ G(n, i), i ∈ {1, . . . , n−1}, let B = K n or B = K n n , and let ♦ : B → B H be invariant on H-symmetric spherical cylinders and invariant under translations orthogonal to H of H-symmetric sets. Consider the expression
The left-hand inclusion holds for all K ∈ B if, in addition to the assumptions stated before (27) , B = K n n and ♦ is monotonic. The right-hand inclusion holds for all K ∈ B if, in addition to the assumptions stated before (27) , ♦ is strictly monotonic and idempotent.
Proof. Suppose that ♦ is invariant on H-symmetric spherical cylinders and invariant under translations orthogonal to H of H-symmetric sets. Let K ∈ K n n . Assume ♦ is also monotonic. Let L be an H-symmetric spherical cylinder such that L + y ⊂ K for some y ∈ H ⊥ . Then
Since I H K is the closure of the union of such sets L, the left-hand inclusion in (27) follows. Now assume instead that ♦ is also strictly monotonic and idempotent. Let K ∈ K n and let C be a rotationally invariant convex body such that K ⊂ C + y for some
Since C is the closure of the union of all such sets L, we have C ⊂ ♦C and hence ♦C = C by Lemma 6.2. Therefore
The right-hand inclusion in (27) now follows from the definition of O H K.
The assumption B = K n n cannot be omitted in obtaining the inclusion I H K ⊂ ♦K, as can be seen by defining ♦ : Note that we may take ♦ = S H , Schwarz symmetrization, in the previous theorem. Other symmetrizations satisfying the hypotheses of Theorem 7.5 are the fiber symmetrizations F H,G or those given by
n and 0 ≤ t ≤ 1, where dim J ∈ {0, . . . , n} and J ⊂ H or J ⊃ H, and again, further examples can be obtained by concatenating these symmetrizations for different t and J.
In the context of Corollary 7.3 and Theorem 7.5 it is natural also to consider defining
where 1 ≤ p ≤ ∞ and the L p sum is taken with respect to the centroid of S H K or I H K, as appropriate. However, ♦ t is not monotonic when p > 1.
Convergence of successive symmetrals
Elsewhere in this paper we always consider a symmetrization ♦ = ♦ H : B → B H with respect to a fixed subspace H. In this section, we fix i ∈ {1, . . . , n − 1} but regard ♦ as the entire collection of such maps, for all H ∈ G(n, i), and consider the convergence of successive applications of ♦ through a sequence of i-dimensional subspaces. (We do not attempt to obtain optimal results; the topic will be thoroughly investigated in a future paper.) To keep the terminology clear, we refer to the collection ♦ of maps ♦ H as a symmetrization process. We shall use and extend ideas of Coupier and Davydov [5] , who consider only the case i = n − 1, and adopt some of their notation in modified form.
Let i ∈ {1, . . . , n − 1} and suppose that ♦ is a symmetrization process such that for each H ∈ G(n, i), ♦ H : B → B H is an i-symmetrization. Let (H m ) be a sequence in G(n, i) and for convenience write
for each K ∈ B, so that ♦ j,m K results from m − j + 1 successive ♦-symmetrizations applied to K with respect to H j , H j+1 , . . . , H m .
Let B = K n n . A sequence (H m ) in G(n, i) is called weakly ♦-universal if for all K ∈ K n n and j ∈ N, there exists r(j, K) > 0 such that ♦ j,m K → r(j, K)B n as m → ∞. Note that this implies in particular that the successive symmetrals ♦ 1,m K converge to a ball as m → ∞. If the constant r(j, K) is independent of j, we say that (H m ) is ♦-universal. Example 8.3 below exhibits a symmetrization ♦ and a sequence (H m ) that is weakly ♦-universal but not ♦-universal.
We shall use the terms (weakly) S-universal or (weakly) M-universal when ♦ is Steiner or Minkowski symmetrization, respectively, and when i = n − 1, also use the terms for the sequences (u m ) of directions in S n−1 such that H m = u ⊥ m for each m. In fact, by [5, Theorem 3.1], a sequence (u m ) in S n−1 is S-universal if and only if it is M-universal. Since Steiner and Minkowski symmetrization preserve volume and mean width, respectively, it is easy to see that (u m ) is weakly S-universal (or weakly M-universal) if and only if it is Suniversal (or M-universal, respectively). Much is known about such sequences; in particular, [5, Proposition 3.3] implies that any countable dense subset in S n−1 contains a sequence that has each of these four equivalent properties.
The proof of the following result essentially follows that of [5, Theorem 3 .1] and we include it for the convenience of the reader.
Theorem 8.1. Let i ∈ {1, . . . , n − 1} and let ♦ be a symmetrization process on K n n . Suppose that
Proof. Let (H m ) be M-universal and let K ∈ K n n . It is easy to see that any ball with center at the origin that contains K will also contain all the successive ♦-symmetrals
From the definition of the inner rotational symmetral, it is clear that if L contains an n-dimensional ball of radius b, then I m L does as well. Then (28) implies that ♦ 1,m K, m ∈ N, also contains an n-dimensional ball of radius b. It follows that a > 0. By Blaschke's selection theorem, there is a subsequence (H mp ) of (H m ) such that
As s → ∞, the body on the left converges to J, while because (H m ) is M-universal, the body on the right converges to the ball B p,K with center at the origin such that
However, the latter equation implies that V 1 (B p,K ) → a as p → ∞. Since V 1 is strictly monotonic, J ⊂ B p,K by (29) , and V 1 (J) = a, this forces J to be the ball B 1 centered at the origin with V 1 (B 1 ) = a. Consequently, any convergent subsequence of (♦ 1,m K) converges to B 1 and hence ♦ 1,m K → B 1 as m → ∞. Finally, if j ∈ N, j ≥ 2, we can apply the above argument to the M-universal sequence (H m+j−1 ), m ∈ N, to conclude that ♦ j,m K converges to a ball B j as m → ∞. This proves that (H m ) is weakly ♦-universal.
Note that if i = n − 1, then I H = S H , the Steiner symmetral. As noted above, M-universal and S-universal sequences coincide. By Theorem 6.3, when i = n − 1 the hypotheses of the following corollary hold if the assumption that ♦ is monotonic and invariant under Hsymmetric sets is replaced by the assumption that ♦ is strictly monotonic, idempotent, and either invariant on H-symmetric spherical cylinders or projection invariant. Examples 5.10 and 5.14, both with j = 1 (say) and B n replaced by an H-symmetric n-dimensional cube, show that the assumptions of invariance on H-symmetric sets and monotonicity, respectively, cannot be dropped in the previous corollary. We do not have an example showing that the assumption of invariance under translations orthogonal to H of H-symmetric sets is necessary. However, the following example shows that if this assumption is omitted, the hypotheses of Corollary 8.2 do not allow the stronger conclusion that (H m ) is ♦-universal. Example 8.3. Let ♦ be the symmetrization process corresponding to the symmetrization ♦ H in Example 5.8, with n = 2 and i = 1. Let 0 < θ < π/2 be an irrational multiple of π and let H 1 be the line through the origin in the direction (cos θ, sin θ). For m ∈ N, let H 2m+1 = H 1 and H 2m = e ⊥ 2 . Then the sequence (H m ) is S-universal; see, for example, [18, Corollary 5.4 ]. We claim that (H m ) is weakly ♦-universal. (Note that this is not a consequence of Corollary 8.2.) To see this, let K be a planar convex body, let j ∈ N, and let D ⊂ ♦ j K be a disk of radius r > 0 whose center x j ∈ H j is at distance x j from the origin and at distance d ≥ 0, say, from H j+1 . Then the distance from D to H j+1 is no larger than d and the definition of ♦ implies that ♦ j+1 D is an ellipse with center x j+1 = x j |H j+1 at distance x j cos θ from the origin and area at least e −d πr 2 . The distance from x j+1 to H j+2 is d cos θ, so similarly, ♦ j,j+2 D is an ellipse with center x j+2 = x j+1 |H j+2 at distance x j cos 2 θ from the origin and area at least e −d cos θ e −d πr 2 . Arguing inductively, we see that for m ≥ j + 1, ♦ j,m D is an ellipse with center x m ∈ H m at distance x j cos m−j θ from the origin and area at least 
n for some r(j, K) > 0, proving the claim.
Characterizations of Minkowski symmetrization
We begin with the following basic characterization.
, then ♦ is Minkowski symmetrization with respect to H.
(ii) i ∈ {1, . . . , n − 1} and ♦ is mean width preserving, invariant on H-symmetric sets, and invariant under translations orthogonal to H of H-symmetric sets, or that (iii) i = 0 and ♦ is invariant on o-symmetric sets and invariant under translations of o-symmetric sets.
Then ♦ is Minkowski symmetrization with respect to H.
Proof. Let K ∈ B. For part (i), we can appeal to Theorem 7.4 with F = V 1 , the first intrinsic volume, to conclude that ♦K ⊂ M H K. Then, since both ♦ and M H preserve mean width, we obtain
For part (ii), we may appeal to Corollary 7.3 to get ♦K ⊂ M H K and then the conclusion follows as before.
Part (iii) is an immediate consequence of Corollary 7.3, since when i = 0 we have
Minkowski-Blaschke symmetrization shows that the restriction to i = n − 1 cannot be dropped in (i). Examples 5.10, 5.11, and 5.12, all with j = 1, show that none of the other assumptions in (i) can be omitted.
Concerning (ii) and (iii), Examples 5.10 and 5.14 (which are also valid when i = 0), both with j = 1, show that the invariance on H-symmetric sets and monotonicity cannot be omitted. For (ii), fiber symmetrization F H shows that the mean width preserving property cannot be dropped. For (iii), Example 5.8 (which is also valid when i = 0) proves that the assumption of invariance under translations orthogonal to H of H-symmetric sets is necessary. We do not have an example to show that the latter assumption is necessary for (ii); see Problem 11.4.
Characterizations of Steiner symmetrization
Theorem 10.1. (i) Let i ∈ {1, . . . , n − 1} and let H ∈ G(n, i). Suppose that ♦ :
is an i-symmetrization that is monotonic, volume preserving, and invariant on H-symmetric spherical cylinders. Then
for all K ∈ C n and H i -almost all x ∈ H. (ii) Suppose that i = n − 1 and that in addition to the assumptions in (i), (♦K) ∩ (H ⊥ + x) is a line segment for H n−1 -almost all x ∈ H. Then ♦ is essentially Steiner symmetrization on C n , in the sense that for all K ∈ C n , (♦K) ∩ G = (S H K) ∩ G for H n−1 -almost all lines G orthogonal to H.
Proof. (i) Fix K ∈ C
n . For r > 0, let D r (x) denote the i-dimensional ball in H with center x and radius r. Choose s > 0 so that K|H ⊥ ⊂ s(B n ∩ H ⊥ ). Let C r (x) = D r (x) + s(B n ∩ H ⊥ ) assumption in Theorem 10.1(ii) is false, (♦K) ∩ (H ⊥ + x) is the union of at most three line segments for all x ∈ H.
In the following, we write K n nH instead of (K n n ) H for the class of convex bodies in R n that are H-symmetric. Theorem 10.3. Let i ∈ {1, . . . , n − 1}, let H ∈ G(n, i), and let ♦ : K n n → K n nH be an isymmetrization. Suppose that ♦ is monotonic, volume preserving, and projection invariant. Then
for all K ∈ K n n and x ∈ H. Proof. Let K ∈ K n n . For r > 0, let D r (x) denote the i-dimensional ball in H with center x and radius r. Choose s > 0 so that (K ∪ ♦K)|H ⊥ ⊂ s(B n ∩ H ⊥ ). Let x ∈ relint (K|H) = relint ((♦K)|H), let C r (x) = D r (x) + s(B n ∩ H ⊥ ), and note that K ∩ C r (x) ∈ K n n . From K ∩ C r (x) ⊂ K, the monotonicity of ♦ gives ♦(K ∩ C r (x)) ⊂ ♦K. The projection invariance of ♦ implies that (♦(K ∩ C r (x)))|H = (K ∩ C r (x))|H ⊂ D r (x) = C r (x)|H and hence, since (♦K)|H ⊥ ⊂ C r (x)|H ⊥ , we have
With (36) in hand, the proof of Theorem 10.1(i) may be followed from (33) onwards to conclude that (35) holds for H i -almost all x ∈ relint (K|H). By the projection invariance of ♦ and continuity, this is enough to yield (35) for all x ∈ H. Corollary 10.4. Let H ∈ G(n, n − 1) and let ♦ : K n n → K n nH be an (n − 1)-symmetrization. If ♦ is monotonic, volume preserving, and either invariant on H-symmetric spherical cylinders or projection invariant, then ♦ is Steiner symmetrization with respect to H.
Proof. Let K ∈ K n n . If ♦ is assumed to be projection invariant, then by Theorem 10.3 with i = n − 1, we have
for all lines G orthogonal to H. Since ♦K is H-symmetric, this yields ♦K = S H K. If ♦ is assumed to be invariant on H-symmetric spherical cylinders, we can follow the proof of Theorem 10.1(i) with i = n − 1 to conclude that (37) holds for H n−1 -almost all lines G orthogonal to H. (As in the proof of Theorem 10.3, it is necessary to make the restriction x ∈ relint (K|H) in order to ensure that K ∩ C r (x) ∈ K n n .) Since ♦K and S H K are convex bodies, (37) holds for all lines G orthogonal to H by continuity and the conclusion follows as before.
For maps ♦ : K n n → K n nH , Examples 5.10 with j = n, 5.11, and 5.12 with j = n show that none of the assumptions can be omitted.
If in Corollary 10.4, it is only assumed that ♦ does not decrease volume, i.e., V n (♦K) ≥ V n (K) for all K ∈ K n n , instead of the condition that ♦ is volume preserving, then the proofs of Theorem 10.1(i) and Theorem 10.3 show that S H K ⊂ ♦K for all K ∈ K n n . However, Example 5.11(ii) shows that this is not enough to conclude that ♦ is Steiner symmetrization. Similarly, Example 5.11(i) shows that it is not enough to assume that ♦ does not increase volume instead of preserving volume.
For j ∈ {1, . . . , n − 1}, the jth intrinsic volume does not increase under Steiner symmetrization; see [28, p. 587] . But again, Example 5.11(ii) shows that in Corollary 10.4, the volumepreserving property of ♦ cannot be replaced by the assumption that ♦ does not increase the jth intrinsic volume for j ∈ {1, . . . , n − 1}.
Corollary 10.5. Let H ∈ G(n, n − 1) and let ♦ : K n → K n H be an (n − 1)-symmetrization. If ♦ is monotonic, volume preserving, and either invariant on H-symmetric spherical cylinders or projection invariant, then ♦K = S H K for each K ∈ K n not contained in a hyperplane orthogonal to H.
Proof. Since ♦ is volume preserving, we have ♦ : K n n → K n nH and hence by Corollary 10.4, the result holds when K is a convex body. Suppose that dim K < n. For each ε > 0, K + εB n is a convex body, so ♦(K + εB n ) = S H (K + εB n ). Therefore, if K is not contained in a hyperplane orthogonal to H, the monotonicity of ♦ yields ♦K ⊂ ♦(K + εB n ) = S H (K + εB n ) → K|H = S H K in the Hausdorff metric as ε → 0+. If ♦ is projection invariant, we obtain ♦K = S H K immediately. Otherwise, we know only that ♦K ⊂ K|H = S H K. Suppose that (K|H)\♦K = ∅. Choose L ∈ K n with L ⊂ K and L|H ⊂ (K|H) \ ♦K. Since the previous argument shows that ♦L ⊂ L|H, we obtain ♦L ⊂ ♦K, contradicting the monotonicity of ♦. Therefore ♦K = K|H = S H K as before.
Example 10.6. Let H ∈ G(n, n − 1) and for all K ∈ K n , let ♦K = S H K if K is not contained in a hyperplane orthogonal to H and ♦K = K|H otherwise. Then ♦ : K n → K n H is monotonic, volume preserving, idempotent, invariant on H-symmetric spherical cylinders, and projection invariant. However, ♦ is not invariant on H-symmetric sets and is therefore not Steiner symmetrization; indeed, if u ∈ S n−1 is orthogonal to H and K = [−au, au] for a > 0, then S H K = [−au, au] = {o} = K|H = ♦K.
Returning to Theorem 10.3, we note that the hypotheses stated there are not enough to conclude that ♦ is Schwarz symmetrization. This is shown by Example 5.13 with j = n − i and L = B n ∩ H ⊥ , as well as by the following different example, which together suggest that it may be difficult to find a nontrivial characterization of Schwarz symmetrization.
Example 10.7. Let i ∈ {1, . . . , n − 2} and let H ∈ G(n, i). Choose mutually orthogonal subspaces H j ∈ G(n, n − 1), j = 1, . . . , n − i, such that H = ∩ n−i j=1 H j . For K ∈ K n n , define ♦K = (S H 1 • S H 2 • · · · • S H n−i )K. Since ♦K is H j -symmetric, j = 1, . . . , n − i, it is also H-symmetric and hence ♦ : K n n → K n nH is an i-symmetrization. Moreover, ♦ is strictly monotonic, volume preserving, invariant on H-symmetric sets, and projection invariant. However, ♦ is not Schwarz symmetrization.
Open problems
In the problems below, we assume that H ∈ G(n, i), i ∈ {0, . . . , n − 1}, and B = K n or B = K n n . Problem 11.1. Let i = n−1 and let j ∈ {2, . . . , n−1}. Is there a symmetrization ♦ : B → B H that is monotonic, V j -preserving, and either invariant on H-symmetric spherical cylinders or projection invariant?
In particular, taking j = n − 1 in Problem 11.1, is there a symmetrization on compact convex sets that behaves like Minkowski or Steiner symmetrization but which preserves surface area instead of mean width or volume? Variants of Problem 11.1 may be posed, for example insisting that ♦ be invariant on H-symmetric sets and extending the question to i ∈ {0, . . . , n− 1}.
Problem 11.2. Let i ∈ {2, . . . , n − 2}. Is there a symmetrization ♦ : B → B H that is strictly monotonic, idempotent, and invariant on H-symmetric spherical cylinders, but not projection invariant?
